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greatly, particularly in the twentieth century. This expansion is due to the rapid
and effective development of supporting mathematical fields (such as functional
analysis, measure theory, and function spaces), as well as an ever-increasing

need for applications, particularly in engineering, science, and medicine. The
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Lie infinitesimals method was employed to reduce the nonlinear fourth order
PDE into an ordinary differential equation then the resulting ODE solved by the
finite difference method. The Lie infinitesimals method is used to solve
= significantly more complex problems which used in manufacture.

Keywords: Lie method, nonlinear, finite difference.

Copyright © 2022 The Author(s): This is an open-access article distributed under the terms of the Creative Commons Attribution 4.0 International
License (CC BY-NC 4.0) which permits unrestricted use, distribution, and reproduction in any medium for non-commercial use provided the original

author and source are credited.

1. INTRODUCTION

In 1870, Lie discovered that all previous
theories of ordinary differential equations integration
can be reduced to a general form. In this way, it became
possible to derive previous ideas from a common basis
while also developing a larger perspective on
differential equations theory in general. Adomian et al.
[1] find different solutions of PDE. Yang et al. [2] find
exact solutions of nonlinear PDE and also nonlinear
transformations and reduction of nonlinear PDE to a
quadrature. He et al. [3] find a new approach to
nonlinear partial differential equations. Kirchheim et al.
[4] Studied nonlinear PDE by geometry in matrix
space. Rabinowitz et al.[5] used Some minimax
theorems and applications to nonlinear partial
differential equations. Rosinger et al. [6] Generalized a
new solutions of nonlinear partial differential equations.
Sirakov et al. [7] Solved uniformly elliptic fully
nonlinear PDE. Liu et al.[8] Find a simple fast method
in finding particular solutions of some nonlinear PDE
[9-12]. find new methods to solve nonlinear PDE.
Galaktionov et al. [13] find exact solutions and
invariant subspaces of nonlinear partial differential
equations in mechanics and physics. Odibat et al. [14]
used numerical methods for nonlinear partial
differential equations of fractional order. Reid et al.
[15] Reduced of systems of nonlinear partial differential
equations to simplified involutive forms. Sahadevan et

al. [16] find exact solution of certain time fractional
nonlinear partial differential equations [17-20] used Lie
method to solve different type of PDE. The nonlinear
fourth order PDE was reduced to an ordinary
differential equation wusing the Lie infinitesimals
approach, and the resulting ODE was solved using the
finite difference method.

2. Lie infinitesimals method

Consider the generic example of a nonlinear
differential equation system with p independent
variables and g unknown functions.
A(x,ugy) =0, i=12..,m 1)

The term u(k) is the kth derivative of u with
respect to x, and m is the number of differential
equations that characterise the system.

Consider a transformation with one parameter, a:
x=E(x,u;a) )
u=0(xua) 3)

Where a is the transformation parameter?
Assume that Z and 0 are sufficiently time-differentiable
with respect to a. If € is an infinitesimally small value
of a, the expansion of the variables i , & is defined by:
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- Glo) 2 9%z
X =E06u;0) + - (0w @)= + Z—;@(x,u; @)|-g=o + 4
_ 90 320
u=0(0xu;0)+ ea(x,u; a)|.q=0 + %ﬁ(x, U; @) |.geo + (5)
These two equations could be simplified to:
o =x+&&(,u)+0(E?), i=12,..,p 6)
T =u+e0,(x,u) +0(?), a=12,..,q )

Where &; and 8, are the infinitesimal transformations of independent and dependent variables, defined as:

£06w) = 5 (0, @)mo (®)

Ba (1) = 22 (4,1 @) gm0 ©)

The infinitesimal generator associated with (6) and (7) is given by the vector field:

V=3 G+ T Oa (W) 5o (10)

i

The derivatives of u, with regard to the independent variables are found in the field's prolongation. This can be
summarised as follows:

a
aua(k)

Pr(V) =V + 3q_, 21, 0k (x, ug) (1D

The similarity transformation invariance requirement is defined as follows:
dax; ou;

Sr= Gk =120, j=12,00 (12)

3. Fourth order nonlinear PDE (example)
Given the fourth order nonlinear PDE:
U — Uy — Z(ux)z = 2Ulyy — Uyyyy = 0 (13)

Now, assuming that Eq. (13) is invariant under the following one-parameter Lie group of transformations
expressed as

=t+et(x, t,u) + 0(e)

x4+ &&(x,t,u) + 0(¢)

=u+en(xt,u)+0(g)

22 = u2 + en?(x, t,u) + 0(e) (14)
Ty = Ugye + EN*(x, t,u) + 0(€)

Ty = Unxax T EN(x, t,u) + 0(€)

D R
Il

Where ¢ is the group parameter and &, t,n are the infinitesimals and their corresponding extended infinitesimals
of order 1, 2, and 4 are the functionsn*, n2, n**, n****, presented by

n* = Dy(n) — uy D (§) — u Dy (7)

N = Dy(™) — Uyx Dy (§) — Urt D (7) (15)
% = D (™) = Uy Do (§) — Ut Do (T)

n: = Di(m) + tDZ(u,) — D (vuy) + DZ(Dx(§)uw) — D (§u) + §D3(w)

Where D, is the total derivative operator with respect to x written as?

d a a a
Dx=a+uxa+uxx@+utx6—ut (16)

The generator of the one-parameter Lie group or the infinitesimal operator is the differential operator defined as
X =1(x0,t,1) 5+ EC, t,u) o= + (X, 6, U) = (17)

The corresponding prolonged generator Pr(4)X of order (a, 4) is
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P(4)X X + Th n nxxi_i_ nxxx 9 + nxxxx 9 (18)

Ouxx OUxxx OUxxxx

Applying the fourth prolongation Pr(‘*)X to the Eq. (13), we obtain the infinitesimal criterion of invariance
corresponding Eq. (13), expressed as

' =0 = 2% — 2un™ = 2ugn — 7 =0 (19)

Substituting the explicit expressions n**,ntt, n2, and n™*** into (19) and equating powers of derivatives up to
zero, we get an overdetermined system of linear partial differential equations; after resolving this system, the
infinitesimals functions are given by

(x, t,u) = Cit

x
E(x, t,u) = ClE

1
n(x, t,u) = —Ciu — ECZ

Where C; is arbitrary constant? The corresponding Lie algebra is given by

1, 9
X = c1 +Clza clu——cZE (20)
10
X1 XZ taﬁ‘;a—u—ga (21)

Now, by solving the following characteristic equation
dt dx du

T(x, t,u) €(x t,u) r)(x, t,u)
dt 2dx du

T x 1
—u—5
dx_dt
X 2t
1
Inx = Elnt + inn,
X
N1 \/E
dt_ du
t 1
—u—3

Int = —ln(—u—%>+1nf(771)

1
f) = —ue =t

u=—f(p)t™" -5
Apply chain's rule
— df om -1 -2
U = d771 3t tT+ft
3
=—f' (——xt Z)t L+ ft?
— d’f anl ¢l -3
Yt = T 2 <6t) 2ft
1
Uy = —f" (szt_3) t™t —2ft3
df o 3
U, = __fi —f’t_E
dm d0x
d*f (0 2
Upx = — f (ﬂ) ™ = df d nl f”t_
dn,%\ ox dn 8x2
5
Uyxx = —f”'t_f

© East African Scholars Publisher, Kenya 125



E.M. Mohamed; East African Scholars Multidiscip Bull; Vol-5, Iss-7 (July, 2022): 123-128

= —f®¢3

uxxxx

Substitute in eq. (13) we get:

1
—anf”t_3 —2ft 3+ T 2f T = 2f T — 2+ W3 =0

1 " ! r
— mf" = 2f +2f = 2ff + f® =0 (22)
4. Finite Difference Method
Equation (22) can be rewrite as:

—0.25xy" =2y + 2y = 2yy" +y® =0 (23)

Using finite difference method

_0-25xi Yi-1 hJ;z YVit1 _ Zyi + 2YL+12hJ/L 1 —Zyi Yi-1 hJ;L Yi+1 +3’z 2=4YVi-1 h);L YVit1tVita _ 0 (24)

Vi—2 — (0.25xih2 + h3 + 4’)3’1‘—1 + (O.Sxihz - 2h4 + 6)}’1 + (—0.25Xih2 + h3 + 4’)}’i+1 + Yit2 — 2h2)’i3’i—1 +
4yth* = 2h?y;yi4s = 0 (25)

i=3

y1 — (0.25x3h% + h3 + 4)y, + (0.5x3h? — 2h* + 6)y; + (—0.25x3h% + h® + 4)y, + ys — 2h?y3y, + 4y2h? —
2h?ysy, =0 (26)

i=4

v, — (0.25x4h% + h® + 4)y; + (0.5x,h? — 2h* 4+ 6)y, + (—0.25x,h? + h® + 4)ys + y¢ — 2h?y,y; + 4yZh? —
2h%y,ys = 0 (27)

i=5

ys — (0.25x5h? + h3 + 4)y, + (0.5xsh? — 2h* + 6)ys + (—0.25x5h? + h® + 4)ye + v, — 2h?ygy, + 4yZh? —
2h*ysys =0 (28)

0.5x3h% —2h* +6  —0.25x3h% + h® + 4 1 Vs —2h%y3y, + 4y2h? — 2h?%y,y,
F =|-0.25x,h? —h® —4 0.5x,h? —2h*+6 —0.25x,h? + A3 + 4||Va| + |—2h%y,y5 + 4y2h? — 2h%y, .
1 —0.25xsh®> —h3 —4  0.5x;h? —2h*+6 | Vs —2h%ysy, + 4y2h? — 2h2ygy,
—y1 + (0.25x3h% + h3 + 4)y,
= Y2 DYe
—(=0.25x5h? + h3 + 4)y, — y,
] —
[ 0.5x3h% —2h*+6 —0.25x;h% + h3 +4 1
—0.25x,h* —h®—4 0.5x,h* —2h*+6 —0.25x,h®> + k> + 4|+
] 1 —0.25xsh? —h®—4  0.5xsh? —2h* +6
[—2h%y, + 8y;h? — 2h%y, —2h?%y, 0
—2h?%y, —2h?y; + 8y,h? — 2h%y, —2h?y,
0 —2h?%yq —2h?%y, + 8ysh? — 2h%y,
Using numerical method (Newton Raphson 4. RESULTS AND DISCUSSION
method) we can find the final solution at N different Newton Raphson method gives us the final
values. solution of equation (13) at different type of N based on

the equation (29) and by using Matlab code.
Yoew = Yo _]_1
(29)

© East African Scholars Publisher, Kenya 126



E.M. Mohamed; East African Scholars Multidiscip Bull; Vol-5, Iss-7 (July, 2022): 123-128

50 -

40 _*_*-*-*****'-*-***

+F *
+ *+
& ***
30
.*.
* *
* *
201 * *
*
: *
10 *
*
.*.
- o **
*
*
0r *
* *
* *
20 F ¥ *
*
.*.
*
30 F * *
* *
* **
L *
40 ¥ o
* ¥, ***
—SD 1 *‘*_*-* 1 1 1 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Fig-1: Solution of fourth order nonlinear PDE

5. CONCLUSIONS

Reducing of fourth order nonlinear PDE

equation to ODE can be done by Lie infinitesimals
method. Finite difference method can be used then to
solve ordinary differential equation. Numerical method
such Newton Raphson completes the problem to find
solution in different values of N.
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